The physical properties of electromagnetic waves in the presence of a gravitational plane wave are analyzed. Formulas for the Stokes parameters describing the polarization of light are obtained in closed form. The particular case of a constant amplitude gravitational wave is worked out explicitly.
Introduction
The propagation of electromagnetic waves in a gravitational field is an interesting problem in general, and it is particularly relevant to the detection of gravitational waves by interferometric methods [1] or polarization of the cosmic microwave background [2, 3] . Previous works on the subject started with Plebanski's article on the scattering of electromagnetic waves by weak gravitational fields [4] . Exact but purely formal solutions of Einstein's equations for interacting electromagnetic and gravitational waves were obtained by Sibgatullin [5] . More recently, electromagnetic waves in the background of a gravitational wave (described by the Ehlers-Kundt metric [6] ) were analyzed by the present author [7] .
The aim of the present paper is to work out a general formalism which describes the polarization of light produced by a gravitational wave. The formalism, as developed in Section 2, is based on the formal equivalence between an anisotropic medium and a gravitational field; a general formula is thus obtained for the Stokes parameters. As an example of application, a constant amplitude gravitational wave is considered in Section 3 and it is shown that it produces a linear polarization of light.
Electromagnetic and gravitational field
The metric of a plane gravitational field propagating in the z direction is (see, e.g., [8] )
where f (u) and g(u) are functions of the null coordinate u = t − z (in this article we set c = 1). Since the gravitational field is assumed to be weak, only first order terms in f and g need be considered. The Maxwell equations in curved space-time are formally equivalent to these same equations in flat space-time, with electric and magnetic polarizations P and M due to the gravitational field [4] . The relations between electric and magnetic field vectors E and H, and electric displacement and magnetic induction D and B are the usual ones, 2) and the Maxwell equations imply
where the scalar and vector potentials, Φ and A, satisfy the equations 5) with the Lorentz gauge conditionΦ + ∇ · A = 0. Now, for the metric (2.1) in particular, it follows that
where G is a dyad with components:
In flat space-time, an electromagnetic plane wave is given by E (0) = Ee −iωt+k·r and B (0) = Be −iωt+k·r , where E and B are constant vectors such that
k is the wave vector and ω = |k| the frequency of the wave. The important point is that, if terms of second order in G ab are neglected, P and M depend only on the unperturbed electric and magnetic fields, E (0) and B (0) , and, accordingly, we can set
It is now convenient to define
where e ± = e x ± ie y and
Setting the first order corrections to the potentials in the forms
it follows that
14)
where the primes denote derivation with respect to u. These last equations can be integrated separating + and − components:
− . It follows that φ
(1) (1)
where we have defined H ′ ± (u) = h ± (u) and
Accordingly, the first order correction to the electric field vector can be written as the sum of two terms, E
where 20) and
Define now two orthonormal vectors perpendicular to k:
where
, and also a circular polarization basis, which is conveniently chosen as
The matrix of the Stokes parameters, as defined in general in the Appendix, can be written in the form S + ∆S, where S is the corresponding matrix in flat space-time and ∆S is the first order correction produced by the gravitational wave. Explicitly:
Setting ∆S ≡ ∆S + + ∆S − and using Eqs. (A.4) and (A.6) in the Appendix, it follows with some straightforward matrix algebra that
(2.26) where, according to our previous definitions (2.23) and (2.24),
In particular, we can choose without loss of generality the coordinates system such that the vector k lies in the (x, z) plane, that is k y = 0 and k ± = 1 2 k x . In this case, Eq. (2.26) takes the simpler form:
(2.28)
Constant amplitude gravitational wave
As an example of application of the general formula given above, consider a constant amplitude sinusoidal gravitational wave, such as one generated by a periodically varying configuration of massive bodies (see, e.g., Landau and Lifshitz [8] ). Accordingly we set
where h 0 is a real valued constant, Ω is the frequency of the wave and α is a constant phase. In this particular case:
and
32)
Now, in most practical cases Ω ≪ ω and, accordingly, terms of order Ω/ω can be neglected. In this case, the above equations further simplify to 35) and
36)
After substitution in Eq. (2.28), the first order correction to the Stokes parameters turns out to be and
where θ = Ωu + α. These are precisely the conditions for a light beam to be linearly polarized (as can be seen, for instance, from the definition of the Poincaré sphere; see, e.g., Born and Wolf [10] ).
Concluding remark
The main result of this article is the formula given by Eq. (2.26), or its simplified form (2.28). This formula is based on the general expressions for the electromagnetic potentials and electric field given in Section 2, and it permits to calculate the Stokes parameters of light in the presence of a gravitational wave. An application of the present formalism to the case of a constant amplitude gravitational wave shows that an unpolarized electromagnetic wave acquires a linear polarization, with the direction of polarization varying in synchrony with the gravitational wave. This result is consistent with the one obtained in Ref. [7] .
Using the relations ωB = k × E and ωE = −k × B in combination with (2.23) and (2.24), it follows that
and therefore 5) and since E = E − e + + E + e − + E z e z , with a similar expression for B, it follows that E ± ±iB ± = ω 4k ⊥ ǫ − · e ± ǫ + · e ± ±ǫ − · e ± ∓ǫ + · e ± E z + iB z E z − iB z . (A.6)
